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Abstract

The aim of this topical review is a systematic and concise presentation of the results of a series
of theoretical works on the quantum dynamics of two-spin-qubit systems towards the
elaboration of a physical mechanism of the quantum information transfer between two
spin-qubits. For this purpose the main attention is paid to exactly solvable models of
two-spin-qubit systems, since the analytical expressions of the elements of their reduced density
matrices explicitly exhibit the mutual dependence of the quantum information encoded into the
spin-qubits. The treatment of their decoherence due to the interaction with the environment is
performed in the Markovian approximation. Rate equations for axially symmetric systems of
two coupled spin-qubits non-interacting, as well as interacting, with the environment are exactly
solved. It is shown how the solutions of rate equations demonstrate the physical mechanism of
the quantum information exchange between the spin-qubits. This mechanism holds also in all
two-spin-qubit systems whose rate equations can be solved only by means of numerical
calculations. Exact solutions of rate equations for two uncoupled spin-qubits interacting with
two separate environments reveal an interesting physical phenomenon in the time evolution of
the qubit—qubit entanglement generated by their interaction with the environments: the
entanglement sudden death and revival. A two-spin-qubit system with an asymptotically
decoherence free subspace was also explicitly constructed. The presented calculations and
reasonings can be extended for application to the study of spin-qubit chains or networks.
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short [1]. Each qubit is a two-state quantum system. It
is usually also called a two-level system with the tacit
understanding that both levels are non-degenerate. The QI
encoded into a qubit is its two-component wavefunction (for
a pure state) or its 2 x 2 density matrix (for a mixed state). The
simplest model of the QI transfer from a qubit to another one
is that inside a two-qubit system—a double qubit [1, 2]. The
present paper is a review of theoretical works devoted to the
study of systems of two interacting qubits for elaborating the
physical basis of the QI transfer between them.

There are many types of two-level quantum systems with
different physical structures: two energy levels of a spin
1/2 magnetic particle in a constant magnetic field, a two-
level atom, the lowest energy exciton state and the ground
state in a semiconductor quantum dot etc. Each spin 1/2
magnetic particle is called a spin-qubit. For definiteness we
chose to study two-spin-qubit systems [3—19]. However, there
are many other systems of two interacting qubits whose total
Hamiltonian can be represented in the same form as that of a
two-spin-qubit system [20-26]. For all two-qubit systems of
this kind, the reasonings concerning equivalent two-spin-qubit
systems can be applied directly.

The interactions between two spin-qubits may have
different mechanisms: direct spin—spin couplings (Heisenberg
magnetic exchange interactions, magnetic dipole—dipole
interactions, etc), interactions through the intermediary of
a spin chain, a spin lattice or other spin systems, and
also the effective spin—spin coupling in electrostatically
coupled quantum dots [4]. We review the results of the
studies on systems of two spin-qubits with their spin—spin
couplings. Besides this strong coupling there also exists a
weak interaction between qubits and the environment which
causes energy dissipation and the dephasing of their coherent
oscillations [5, 6, 11-13, 16, 26-35]. Therefore, the total
physical system consists of two interacting subsystems, one of
them is a two-spin-qubit subsystem and the other subsystem is
the environment.

It is natural and convenient to use each product of two
basis vectors of the Hilbert spaces of two above-mentioned
subsystems as a basis vector of the Hilbert space of the total
physical system. The trace of its density matrix py over the
pair of indices labeling state vectors of the environment is a
4 x 4 matrix p called the reduced density matrix, describing
the time evolution of the two-spin-qubit subsystem in the
presence of its interaction with the environment. From the von
Neumann equation for p there follows a system of integro-
differential rate equations (called also the master equations),
each of which expresses a time derivative of a matrix element
of p at a time t > 0 in the form of the sum of a linear
combination of matrix elements of p at the same time 7 and
an integral of another linear combination of elements of p
with respect to the time variable in the interval from O to
t: the quantum dynamical equations for the reduced density
matrix is non-Markovian [35-43]. However, if the interaction
of spin-qubits with the environment is weak and the variation
of the physical fields in the environment is slow, then one can
assume the Markovian approximation [44, 45]: replace values
of matrix elements of p in the integral from O to ¢ by their

values at ¢ and subsequently extend the integral to infinity.
In this approximation rate equations become linear differential
equations for the elements of the reduced density matrix p. The
present review is limited to this approximation.

In section 2 the general theories of the decoherence of two-
spin-qubit systems in the Markovian approximation [44, 45],
as well as in the Born—-Markov approximation [46—48] as
a special case of the Markovian one, are presented. The
systems of rate equations for elements of reduced density
matrices p in these approximations are derived. In section 3
the solutions of rate equations for systems of two coupled
spin-qubits without an interaction with the environment are
derived and the physical interpretation of the expressions of
these solutions is proposed. Section 4 is devoted to the study
of two uncoupled spin-qubits interacting with the environment.
Due to this interaction, the environment mediates an indirect
effective interaction between two spin-qubits which may cause
an interesting physical phenomenon: the entanglement sudden
death and revival. Solutions of rate equations for several
special systems of two coupled spin-qubits interacting with
the environment are established in section 5. Section 6 is
the conclusion. Throughout this work the unit system with
i =c = 11isused.

2. Rate equations in Markovian approximation

The exact quantum dynamics of a two-spin-qubit system
interacting with the environment is governed by the von
Neumann equation for the total density matrix py of
the complex system consisting of two spin-qubits and the

environment
d oot

idt = [Hiot, prols D

where H, is its total Hamiltonian

Htot =H + HE + Hinta (2)

H and Hg are Hamiltonians of two separate subsystems: those
of two-spin-qubits and the environment, respectively, Hiy is
the Hamiltonian of their interaction. The quantum dynamics
of the two-spin-qubit subsystem, also called two-spin-qubit
system in the sequel, in the presence of its interaction with the
environment is described by the reduced density matrix p. It is
a4 x 4 matrix and can be represented as a linear combination
of 15 generators "4 of the SU (4) group

p:i—kZ]—‘ApA. (3)
A

In the Markovian approximation from equation (1) one
can derive the following equation for the reduced density
matrix of the two-spin-qubit system

dp .
— = —i[H, p]+ Lp 4)
dr
with some linear operator L called the Liouvillian superopera-
tor. This linear operator consists of two parts:

Lo=LYp+LPp, 5)
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one of which, LW p, is the effect of the renormalization
of energy levels leading to the frequency shifts (Lamb
shifts) and the other part, L®p, is a completely positive
operator describing the dissipative and dephasing actions of the
environment. L™ p can be expressed as the addition of a new
term 6 H to the Hamiltonian

LWp = ~ilsH, p. (©)
8 H has following general form

§H =1 ZI‘AhA (7)
A

with real constants h4. Gorini et al [49] have rigorously
derived the general formula for L® p:

LP0 =13 Eap{lTa pT51+[Tap. T51 ®)
AB

where &4 p are the elements of a 15 x 15 positive matrix,
éf\B = éfzm 523 = _égm
)

A special case of

Eap = Epp +1E45,

&4p and &4, being real constants.
equation (8) is the Linblad formula [50]

LPp =33 Exl[Ta. pTi1+[Tap. T41  (10)
A

which was often used for the study of the quantum systems
with decoherence.

The Hamiltonian of the interaction of qubits with the
environment Hj, can be represented in the form

Hin =) 1) Ky (V1

v

1L

where operators K ,, in the Hilbert space of the state vectors of
the environment are expressed in terms of quantum operators
of the environment in the Schrodinger picture. We chose K,
to have a vanishing statistical average over all the states of the
environment at a given temperature 7'

(Kuw)p =0, 12)
where f = kT, k is the Boltzmann constant, and (- - -)g de-
notes the statistical average. In the second (lowest) order of
the perturbation theory with respect to interaction Hamilto-
nian (11)—the Born—Markov approximation, the explicit form
of Liouvillian superoperator Lp can be established in the
framework of the Bloch—-Redfield formalism [46-48]. Its ma-
trix elements (Lp) .,

Lp =) |m)(Lp)u (vl (13)
7Y
are expressed by the Redfield formula
(Lp)/u) = - Z R/u)(frpar (14)
oT

with the Redfield tensor determined by following relations

+) =) -
R,uvar = 0ur Z F,u_}‘_}\_(y + 5,1117 er}\}\u - Fg)r;)ta - F‘E’U/)LO"
r A
(15)

o0
F;(;f)ur = / dr eiiwwwKua (). (O)>/3’
. (16)
F,t(/:r)vr Z/ dre™ (K15 (0) Ky (1)) g5
0

where w,,, is the difference of the energies of states ‘i’ and
‘0’ wue = E,—Es, K, 5() is operator K, in the interaction
picture

Ko (t) = e K, e 17)

Since the interaction Hamiltonian is hermitian, operators K~
must satisfy the condition

K+

on

=Ko (18)

From this condition it is straightforward to derive a relation for
the matrix elements (16):

(1"(+) )* — 1'*(—)

LoVt TVo

(19)
and also following hermiticity property of Redfield tensor:
(Rv;mt)* = R,u_vta' (20)

For studying rate equations it is convenient to use
hermitian generators I"4

It =Ty (21)
We chose them to satisfy condition
Tr(CaTp) = 4848 (22)

and denote by fapc the corresponding structure constants of
the SU (4) group

[Ta, Tl =2i) " fancTe. (23)
C

Matrices Lp and L®p are expressed in terms of I'y by
formulae similar to equation (3)

Lp=) Talp)a.  LPp=) Talp)a. (24
A A

Then the general formulae (5)—(8) can be rewritten in the new
forms

(Lo)a = (LVp)s + (LPp)a, (25)
(LVp)a =) facshcps, (26)
BC
(LPp)a = —hp — ZXABPB’ (27)
B
where
(28)

XA = _ILG Z«S:CDTI‘{FA[FC, 1-‘D]}’
CD

Jas =—% > &cpTr{Tallcly, Tpl+ Tallc. T5Tpl).
CD
(29)
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Note that if &¢p is a symmetric tensor, then

ha =0, Aap = hpa. (30)
On the other hand, from equation (14) there follows
a relation between (Lp)s and p, in the Bloch—Redfield

formalism

(Lp)a=—ha— Y hasps, 31)
B
where
)\A = 1_16 Z (FA)U/LRMVUO'a (32)
o
)"AB = i Z (FA)U/LR,U,VUT(FB)O"L" (33)
ot

From the hermiticity property (20) of the Redfield tensor it
follows that A4 and A,p are real constants. Formulae (31)—
(33) of the Bloch—Redfield formalism must be compatible
with those derived without using the perturbation theory,
equations (25)-(29).  Therefore we have the following
equations

Aa = Aa,

Aap = Z fasche + Aag,
C

(34)
(35

where A4, x A and Ayup, x ap are determined by formu-
lae (32), (28) and (33), (29), respectively. By solving these
systems of equations for constants ¢ and coefficients &cp, we
obtain their expressions in the second order approximation of
the perturbation theory in terms of components of the Redfield
tensor.

In order to derive rate equations from equation (4) we
write Hamiltonian H in the general form

H= %ZFAEA. (36)
A

Then we obtain the following system of 15 differential
equations for the 15 components py4:

dpa
el BXC:fABCEB,OC —ha— XB:)\ABPB- (37)

It is worth noting that the results of this section with
a slight modification can be applied to the study of the
decoherence of any N-level system.

3. Two coupled spin-qubits without interaction with
the environment

Let us study special cases in which the interaction of the

environment on the qubits can be neglected and, therefore, the

reduced density matrix p mentioned in section 2 is the density

matrix itself of the closed system of two coupled spin-qubits.

Its time evolution is determined by the von Neumann equation
.dp

i— = [H, p].

dr (38)

Introducing the Pauli matrices o, or 74, ¢ = x, y,z or +, —, 3,
and unit matrices oy = 1, 9 = 1, acting on the spin indices of

the wave functions of the corresponding spin-qubits called the
o-qubit and t-qubit, and denoting by p” or p® the trace of p
over the spin indices of the T-qubit and o -qubit, respectively,

(39)

p’ =Tr.p, P’ =Trsp.

Being density matrices of two spin-qubits, p” and p* have the
general form

p7 =14+ ouSa ), PT =3+ wTu0). (40)
o o

Suppose that at the initial time ¢ = 0 the quantum states of the
two spin-qubits are independent and therefore

Pp)(0) = Sa(0)T5(0), a#0, p#0. (41

3.1. Exactly solvable model

Consider the model of two identical spin 1/2 magnetic
particles with their anisotropic axially symmetric Heisenberg
exchange interaction in a constant homogeneous perpendicular
magnetic field. Hamiltonian H has a simple expression

E
H=>

1
5 (03 + ) + §J||0373 +Ji(oyt_+o_1y), (42)

where E is the energy difference of the two levels and Jy, J1.
are the coupling constants. In this case equation (38) can be
solved exactly. In terms of the components S, (¢) and T, (¢) in
the rhs of equation (40), « = 1, 2, 3 or x, y, z, its solution is
represented by the following expressions:
S:(t) = (cos Tt + cos TP 1)[cos EtS,(0) —sin E£S,(0)]
+ L(cos J 7t — cos J 1) [cos E1T,(0) — sin EtTy(0)]
— (sin J 1 4 sin JP1) T3(0)[sin E1 S, (0)
+ cos EtSy(0)] — (sin J 7t — sin J 1) S3(0)
x [sin EtT,(0) + cos EtT,(0)], (43)
Sy(t) = L(cos Tt 4 cos J 1) [sin E1S,(0)+cos EtSy(0)]
+ 1(cos Tt — cos JP1)[sin Et T, (0) + cos EtT,(0)]
+ (sin J ¢ 4 sin J P1) T3(0)[cos Et S, (0)
— sin E1S,(0)] + (sin J ¢ — sin J 1) 55(0)

x [cos EtT,(0) — sin EtT,(0)], (44)
S.(t) = 3(1 4 cos2J11)S.(0) + 3 (1 — cos 2J . 1)T.(0)
— sin2J 1 1[S: (0) Ty (0) — Sy (0) T, (0)], (45)
where
JE =g+, (46)

For T,(t), Ty(t) and T,(¢) we have similar formulae with the
interchange of the initial values S,(0) <> 7,(0), ¢ = x, y, z.
In terms of expressions of S () and T (¢) for free qubits,

Sfee (1) = cos E1S,(0) — sin E15,(0),
S;ree (1) = sin E1S,(0) + cos E1S,(0), 47)

SI(t) = S:(0)
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and similarly for Txfree, Tyfree, Tzfree, equations (43)—(45) can be
rewritten in the forms

Sy (t) = %(Cos ](*)t 4 cos J(Jr)t)S)fCree (t)
+ L(cos IOt — cos TP T (1)
— (sin J(*)t + sin J(+)[)T3 (0) S;ree (1)

— (sin J Ot — sin J 1) 85(0) Tyfree 1), (48)
Sy (1) = (cos J 1 + cos J D) 5T (1)

+ 3(cos J 7t — cos IO T (1)

+ (sin SOt 4 sin JP 1) T3(0) S™ (1)

+ (sin J 1 — sin JP1) S3(0) T (1), (49)

Sz(t) = %(1 -+ cos ZJLZ‘)SZfreC(t) =+ %(] — CoszJLt)Tzfree(t)
= sin2J,1[S:(0)T;(0) — S, (0) T (0)], (50)

and similarly for T (1), Ty (¢), T (1).

Formulae (43)—(45) show that the output QI from the o-
qubit S, (1), Sy (¢), S;(¢) at t > O reflects the presence of the
T-qubit and also the input QI encoded into it at the initial time
t = 0. This phenomenon can be considered as a physical
mechanism of the QI transfer from the T-qubit to the o -qubit.
Similarly, formulae for 7 (¢), T\ (t), T (¢) demonstrate that of
the QI transfer from the o -qubit to the T-qubit.

For studying entanglement of two qubits it is convenient
to use collective Dicke states [51]

ey =111, lg)=122),
1 1
=0+ 12) ) = —s[121) - 112)]

as the basis vectors. In this basis, matrix elements of p have
simple expressions

Pee(t) = pee(0),
Pss (1) = pys(0),

Psa(t) = e 4 py, (0),

Peg (1) = €2 po, (0),

—i =)
Pes (1) = e EFTDp,(0),

Pog (1) = Pgg (0),
Paa(t) = Paa(0),
Pas (1) = €7 p,(0),
Pee(t) = & g, (0),
pse(t) = e EH 1 p (0),
pse (1) = E=7 7 5 (0),
Pae(®) = EH D (0),

Pag (1) = e E7 9 (0).

(52)
It follows that for six classes of two-qubit quantum states with
special initial conditions

—W(E—J©)

pes (1) = e F7T T 0 (0),
—i )

Pea(t) =€ B+ )tpea(o)s

W(E—J&)
pea(t) = F7T 0 (0),

class 1:

Pes (0) = p5e(0) = pea(0) = pue(0) = Pgs 0) = Psg 0)
= 3a(0) = pug (0) = 0,

class 2:

Peg 0) = Pge (0) = pes (0) = 05¢(0) = 0ea(0) = 4 (0)
= Pgs 0) = Psg 0) = Pga 0) = Pag 0) =0,

class 3:

Peg 0) = Pge (0) = p5a(0) = Pus(0) = 0,5 (0) = py5.(0)
= Pgs 0) = Psg 0) = Pga 0) = Pag 0) =0,

class 4:

Peg 0) = Pge 0) = Psa 0) = Pas 0) = Pes 0) = Pse 0)
= Pea(0) = p4.(0) = Pga 0) = Pag (0) =0,

class 5:

Peg 0) = Pge 0) = Psa 0) = Pas 0) = Pes 0) = Pse 0)
= pea(0) = p4.(0) = Pgs 0) = Psg 0) =0,

class 6:

Peg 0) = Pge (0) = p5a(0) = Pus(0) = 0,5 (0) = py5.(0)
= Pag 0) = Pga 0),

Pea(0) = pae )", Pgs 0) = Psg 0",

the concurrence of the two-qubit system is ¢-independent and,
therefore, the degree of the entanglement between two qubits
is conserved. The states of class 6 were called ‘X’ states [30].

3.2. Arbitrary two-spin-qubit system

Different systems of two coupled spin-qubits with complicated
total Hamiltonians H were investigated in
[3,4,7,8, 10, 12, 13, 16, 20]. To study any of them we use
the natural basis |(i1, i2)) of the Hilbert space of state vectors
of two spin 1/2 particles,

03](1,12)) = |(1,12)),
3|(i, D) = [(i1, D),

03](2,12)) = —[(2,12)),
7331, 2)) = —1(i1, 2)),

and introduce a double index I to replace the pair (iji,):
(i]iz) — 1.

Denote by |v,,) the eigenstates of the total Hamiltonian
corresponding to the eigenvalues E,,,

leu) = E;thu)v (54)
and expand them in terms of basis vectors
W) =Y C™2 [Ghin)) = Y ChIT). (55)
itz 1
The 4 x 4 matrix with elements C {L is unitary
D CHNCH =810 Y (CHNC) =8, (56)
" 1
and expansion (55) has following inversion
(57)

1) =) (C)* W)
o

Consider an arbitrary two-spin-qubit system with a
direct spin—spin coupling and without interactions with the
environment. Denote by p;; the elements of density matrix p
in the natural basis and by p,,, those in the basis of eigenstates
|,,) of total Hamiltonian:

p1y (1) = {Ilp]J), P = (YulpOl).  (58)
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Between the two systems of matrix elements there exist the
following relations

prs (1) =Y Cppu((C), (59)
Y

pun(t) =Y (CL) p1s (C]. (60)
1J

Since |,,) are eigenvectors of H, each matrix element p,,, (f)
has a simple 7-dependence

P (t) = e ETE 5 (0). (61)

From equations (59)—(61) it follows that

pri(0) = Y e EmBCL(C(C) Cl ok (0),
nv KL
(62)
or in the explicit form with pair indices

PG (1) = D Y Y e I ETE i) (i)

v kiky Ll
x (CER)*CI™) oy ) 1,12 (0). (63)

Matrix elements o, i,)(j,j» () are expressed in terms of

components pup)(t), (@f) # (00),a, 8 = 0,x,y,z or,
equivalently, o, 8 =0, 1,2, 3,

P (1) = 381,80+ D ()i ()i ju e (0.
(@f)#(00)
(64)

Inversely we have

1
Pty (D) =5 Y Y (00) iy (T6) i Pl o) (D)

ity Jij2

(65)

Using this expression of pgg(f) in terms of the matrix
elements, formula (62) for the time evolution of the matrix
elements and formula (64) expressing the matrix elements
in terms of the components at + = 0, we derive a relation
determining the time evolution of components p(g) (1):

= 15 ) 33 3

ity Jij2 wv kiky i
(i1i2) ( ~Gri)y* ¢ kika) yx ~ ()
X Clblll (CU]]]Z ) (Cul )y*C it

X [i(sk.l. Skyt, + Z ()it (T8) ko, Oys (O)] (66)
2]

For each concrete system with a given total Hamiltonian
H, eigenvalues E, and coefficients C{'™ in formula (55)
of eigenstates can be calculated by solving the Schrodinger
equation (54). Substituting their values into the rhs of
equation (66), we derive expressions of components pg)(?)
containing different numerical coefficients. As particular
cases we obtain formulae for components S, () and T,(¢)
determining reduced density matrices of two spin-qubits.
These formulae demonstrate the physical mechanism of the QI
exchange between two qubits.

Each system with a total Hamiltonian in the form (42) is
a special case when eigenvalues £, and coefficients CL are
analytical expressions of its physical parameters. In general,
eigenvalues E, can be determined by means of numerical

calculations and all coefficients C{L are expressed in terms of
them and physical parameters of the system. The problem is
almost exactly solvable. For example, among four eigenvalues
E,, of a total Hamiltonian of the form [7, 12, 13, 20]

H = g(aa + Ta)-i-%(m + Tl)+%U3TS+JL(U+T— +o_14),

(67)
there is only one exactly determined eigenvalue E, =
—(JL + Jy/2), the three others E,,, u = 1, 2, 3, are the roots
of a rank three algebraic equation

2
)c—ﬂ )c—Jl+ﬂ —E? x—Jl+ﬂ
2 2 2
—A2<x—ﬂ>=O.
2

Coefficients C IIL are expressed in terms of the four eigenvalues
E,, and the physical parameters E, A, Jy, J, of the system and
can be calculated numerically.

(68)

4. Influence of decoherence on qubit—qubit
entanglement

In solids there always exists the interaction of qubits with
the environment. It may generate decoherence of the qubits,
induce an effective interaction between two qubits and/or affect
their entanglement. In order to study separately the influence
of the dissipative interaction of the environment on the qubit—
qubit entanglement let us consider a system of two uncoupled
spin-qubits interacting with the environment. The reduced
density matrix p of the system of two uncoupled spin-qubits
can be determined by solving a system of rate equations of the
form (37) with vanishing components Eqg), @ # 0,8 # 0.
Usually the axially symmetrical system of two identical spin-
qubits with E(:tO) = E(()i) = 0, E(30) = E(03) = E is
considered.

The simplest example is the case of the two above-
mentioned identical non-coupled spin-qubits interacting with
two separate noise environments [26, 29, 30, 32, 33, 35, 36]
with the interaction Hamiltonian of the form

Hi= ) [ff(0-al" +vaf") + fe(oraf + 11af)]
§

+ > los(giby " + geb?) + T3(gibi T + gebD],  (69)
§

where af, bf and a are the destruction and creation
operators for the bosons in the two noise sources of the o-
qubit, af,bf and af*, bi" are similar operators for the -
qubit. Using formula (69) for the interaction Hamiltonian and
equations (14)—(17) we derive the expression of the Liouvillian
superoperator in the Born—-Markov approximation

+’ bg+

LPp =1 3" cupllow. popl + [0wp, 0p] + [Ta. pT4]

o, f=x,y,2

+ [tap, 8]} (70)
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with the following non-vanishing constants cg:

T
Coe =y = 5 > +2n0)| feP8(ef — E),
§

LT a
ny = —ny = IE Z |f§|28(w§ — E), (71)
3

T 20/ b
Cz = 5 ; F 8(0{&_)7

where wf and a)g are the energies of the bosons with the
destruction operators ag, ag and bg, bg , respectively, in the
two noise sources, n¢ is the value of the boson numbers

ng = (aé”aé’) = (aé*ag) (72)
in the equilibrium environments at a given temperature. The
system of rate equations has an exact solution. To simplify the
text we present here formulae of this solution in the special case
of the equilibrium environments at zero temperature, ng = 0.
Using the Dicke basis we have the following expressions of the
elements of the reduced density matrix p of the two-spin-qubit
system:

Pee(t) = € pee (0) + 3 (1 — &™), (73a)
Peg(t) = —e (1 — e77") e (0) + €77

+ 11 —e ", (73b)
Pss (1) = 1™ +e72) py (0)

+ 1™ — ) p (0) + Le (1 —e )

X [Pee(0) — pgg(0)] + 27" (1 —e "), (73¢)
Paa(t) = 3" — e ) p(0)

+ 2@ + e e (0) 4+ Te (1 —e )

X [pee(0) — pgg(0)] + Fe7 7 (1 —e "), (73d)
Peg (1) = e 2 Ele™21 5, (0), (73e)
Pee(t) = e?F1e™ p,,(0), (73f)
Pes (1) = e Ele” I g, (0), (73g)
Pre(t) = eFle” 1 p (0), (73h)
Psg(t) = € Fe ™ [, (0) + (1 — e ") pes (0], (73i)
Pes (1) = €F'e 7 [pgg(0) + (1 — e ") pye (0], (73))
Pea(t) = e Ele 1 p, 1 (0), (73k)
Pae(t) = eFle” 1) 5. (0), (731)
Pag(t) = € e [pge(0) — (1 — €77") pea ()], (73m)
Pea(t) = eF'e [ 9y (0) — (1 — € "") pue (0)], (73n)
Psa(t) = 2 4+ )y (0) + S (e — e72)

X Pas (0), (730)
Pas(t) = 37" 7 pgs (0) + 3 (&7 — ™)

X pya(0), (73p)

where

yi =21y | fel*8(ef — E), yo =41 Y |88 (@)).
§ §

(74)

From expressions (73a)—(73p) of the elements of the
reduced density matrix p it follows that for the class of
quantum states satisfying conditions
Pes = Pse = Pgs = Psg = Pea = Pae = Pga = Pag

= Pas = psa =0, (75)

Pge = Pog
at + = 0, these conditions still hold at any + > 0. The
concurrence has a simple expression

C(t) = max{0, Ci(t), Ca(1)} (76)
with
Ci(t) = 2|pge(t)| = [paa(t) + pss ()],

Cao(t) = | pss(t) — paa(t)| — 2\/ )Ogg(t)pee(t)'

Analogously, for a class of ‘X’-states satisfying conditions

7

Peg = Pge = Pes = Pse = Pag = Pga = Pas = Psa = 0,

Pac = Loy Psg = Py

(78)
at + = 0, these conditions still hold at any + > 0. The
concurrence is determined by formula (76) with

Ci(t) = |pgs(t)| Y pee(t)paa(t)a
C(1) = |pea(t)| Y pgg(t)pss(t)-

There is also another class of ‘X’-states satisfying conditions

(719)

Pea = Pae = Peg = Pge = Pgs = Psg = Pas = Psa = 0,

Pse = P:S, Pag = pz:a
(80)
at t = 0. These conditions still hold at any # > 0. In this case

instead of formulae (77) we have

Ci(t) = nga(t)l -V Pee(t) Pss (1),
C(t) = |pes(t)| Y pgg(t)paa(t)~

Using formulae (77), (79) or (81) and expressions (73a)—(73 p)
with given numerical values of decoherence parameters y; and
y2, we can study the time dependence of the concurrence (76)
and obtain the following interesting result [22, 29, 30, 34]: for
many states from the three above-mentioned classes (75), (78)
and (80) with definite initial values of corresponding non-
vanishing matrix elements, the concurrence C () is positive in
the interval 0 < ¢ < #; with some #;, vanishes in the interval
) <t < t with some #, and becomes positive again for
some ¢t > t,. This means that two spin-qubits are entangled
in the first interval, non-entangled in the second one and are
entangled again after the ,. At ¢t = ¢ the sudden death of
entanglement takes place, and at ¢t = ¢, it revives.

@81)

5. Exactly solvable models of two coupled spin-qubits
interacting with the environment

Analytical exact solutions of the rate equations of two-spin-
qubit systems are particularly useful for studying the physical
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phenomena such as the QI exchange between two spin-qubits
and the time evolution of the qubit—qubit entanglement, as
was shown in the two preceding sections in the special
cases of two coupled spin-qubits without interactions with
the environment and two uncoupled spin-qubits interacting
with the environment. Approximate numerical solutions of
rate equations cannot clearly and completely demonstrate the
above-mentioned phenomena. In general, however, systems of
rate equations for two coupled spin-qubits interacting with the
environment can be solved mainly by means of approximate
numerical methods. Therefore it is worth investigating systems
of two coupled spin-qubits interacting with the environment
which have exactly solvable rate equations. In this section we
review the results of the study on three exactly solvable models.

5.1. Two coupled spin-qubits in a spin-star environment

As afirst example consider a system of two coupled spin-qubits
in a spin-star environment consisting of the interacting nuclear
spins in the thermodynamic limit at a finite temperature [6, 52].
All the spin—spin couplings are those of the XY Heisenberg
exchange interactions. It was shown that in the limit of
an infinite number of spins in the environment, the total
Hamiltonian of the system under consideration is equivalent
to that of the system consisting of two coupled spins and
a quantum field of monoenergetic bosons with a interaction
Hamiltonian of the Jaynes—Cummings type [53].

Introduce two sets of Pauli matrices o, and 7, acting on
spin indices of wavefunctions and density matrices of two spin-
qubits called the o -qubit or t-qubit, respectively, ¥ = x, v,z
or 4+, —, 3. The system has the following total Hamiltonian

E
H = 5(03 + 1)+ J(opt- +0_14) +wobTh

+gl(oy + )b + (0- + )b (82)
Denote by |ij,n),i,j = 1,2; n = 0, 1, 2,..., the
eigenstates of commuting operators o3, T3 and b b:
o3llj,n) =[1j,n), 0312j,n) = —=[2j.n),
i=12,
ulil,n) =|il, n), uli2, n) = —|i2, n), (83)

i=1,2,

bTblij, n) = nlij,n), i,j=1,2.

These orthogonal and normalized state vectors form the
Fock basis in the Hilbert space of the state vectors of
the system.  This Hilbert space is the direct (infinite)
sum of a one-dimensional subspace V, with basis vec-
tor |22,0), a three-dimensional subspace V; with ba-
sis [12,0), 121, 0), |22, 1) and an infinite number of four-
dimension subspaces V,,n > 2, with basis vectors
[11,n —=2),12,n — 1), |21,n — 1), |22,n).  Subspace V
contains only one eigenstate | ?’) of H with the correspond-
ing eigenvalue E©

Hiy®) = EQy©), (84)
where

EO =_E, (85)

[y @) = [22,0). (86)

In subspace V; there are three eigenstates Iwé(l)) of H with

corresponding eigenvalues E g(] ).

Hiy")y = EP 1y, £=01,2 (87
where
EV=-J. EV=-3E-w-T)+1iA,
(88)
EY) = —3E-wy— 1) - 1A,
A =V(E —wy+ J)>+8g2%, (89)
lws") = 1(112,0) — |21, 0)),
) = A0 (112,0) + 121,0)) + B[22, 1) (90)
1 1 ,\/E i
i=1,2,
A§])=B§1)=% 4 J—i—EA—wO,
o1

1 J+E—w
(M (1
Bl :_AZ ZE 1— A .

In each subspace V,,,n > 2, there are four eigenstates |1/f§(”))

of H with corresponding eigenvalues E é"):

Hiy"y = EX "), n>2. £=0,1,2,3, (92

where

E = (n+ Doy — J, 93)

E i("), i =1, 2, 3,are three roots of the rank 3 algebraic equation

[x—E—m—2)wyllx —J —(n—1)wpllx + E — nwp|
—2g%(n — D[x + E — nay]

—2¢°n[x — E — (n — 2)wy] =0, 4
and
Vo) = 3(12.n = 1) = 210 — 1)),
1
Wi(n))=Al@_(|12’”_1>+|21’n_ 1)) 95)
V2
+ Ci(n)|22’ I’l) +Bl~(l)|11,n _2>’ I = 1,2,3,
22 —1
A§”>={+ (n)g ( )
[E" — E — (n — 2)ay]?
g22n }_1/2
[E" + E —naP)
(96)

B™ _ gv2(n—1) A
EM —E—(n—-2w '
() gvn ne

( A

Ei(”) + E — nwy
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In the resonance case wy = E we have
E(()l) =_J, EE]) — %(] + AreS)’
ESD =11 — A™), E{" = (n — D,

. J+J,
Ef = (n = oo+ =,

o7

@ J =
E{” = (n = Doy + =~

VJ? +8g2, Jy=+/J?>+82n — g2

Because the total Hamiltonian has eigenvalues and
eigenstates which can be exactly calculated, this model is
exactly solvable. Consider the elements of the total density
matrix py in the eigenstate basis

AT —

p” @) = (Yo (0) ),
p" (1) = (¥ pa O) ™),

m0 _ (m) (0) ©8)
Pt 0) = (" | pa ()| ®),
pe (1) = (U™ oo (0) 9",
They have following exact expressions
P =™, P =E " 0),
prO() = eTE 0 (0), (99)

S n
I (1) = e LB EPN prn )

Performing a suitable unitary transformation we can derive
exact analytical expressions for the elements of the total
density matrix in the Fock basis
PGjny (k.m) (D) = (ij, nlp(t)|kl, m). (100)
Consider the reduced density matrix of the system of two
spin-qubits

oo
Py (1) =D Pjnykt.m (1) (101)
n=0

In general each element o)k (f) at t > 0 depends on the
initial values of 16 series of matrix elements of the form (100).
However, if at the initial time r = 0 the quantum states of
the two-spin-qubit system and the spin-star environment are
independent and that of the latter is an equilibrium state at a
given temperature, then initial values 0 »)xi,m)(0) of all the
elements of p in the Fock basis can be expressed in terms of
the initial values of 16 elements of the reduced density matrix
of the two-spin-qubit system defined in equation (101). In this
case the time evolution of the reduced density matrix of this
system can be represented in the form

Panan(®) = Y

i’j’k’l’

C D)

(i) (kD) (102)

@) par iy (0)

@K ()

with completely determined functions C ;) i)

Besides the special cases with the validity of equa-
tion (102) for the reduced density matrix of two spin-qubits,
there are special cases of another kind. In each special case of
this kind only the matrix elements of p in an invariant subspace
V, with a definite positive integer n are non-vanishing. In V,
we have a set of 9 matrix elements

(1) (1)
P11 = P(12,0)(12,0)s P12 = P12,0)(21,0)»

(1)
P13 = P(12,0)(22,1)>

O ) _
P21 = P(21,0)(12,0)> P = P(21,0)(21,0)5

o (103)
Pz = P(21,0)(22,1)»
1 _ 1 _
P31 = P(22,1)(12,0)> P3y = P(22,1)(21,0)»
1 _
P33 = P22,1)(22,1)>
and in each V,, with n > 2 we have a set of 16 elements
(n) __ (n) __
P11 = PA1,n—2)(11,n-2), P12 = P1,n-2)(12,n—1)>
(n) _ (n) _
P13 = PU1,n-2)(21,n—1)> P4 = PU1,n-2)(22,n)»
(n) _ (n) _
Py = PU2,n—1)(11,n-2), Py = PU2,n—1)(12,n—1)>
(n) __ (n) _
Pr3° = PU2,n-1)(21.n—1), Py = PU2.n—1)(22.n)»
(104)

(n) __ (n) __
P31 = PQR1,n—1)(11,n-2), P33 = PQ2l.n—1)(12,n—1)>

(n) _ (m) _
P33° = P21n—1)(21,n—1)s P34 = P21,n—1)(22.n)»

(n) __ (n) _
P41 = P22.n)(11,n—2)> Par = P22,n)(12,n—1)»

(n) __ (n) _
P43 = P22,n)(21,n—1)s Paq = P22,n)(22.n)-

If at + = 0 all matrix elements not belonging to the set (103)
vanish, then at # > 0 only matrix elements p(ilb)(t), a,b=1,2,
3, of this set are non-vanishing. They have expressions of the

form
3

Pl =Y RIL(1)p0)(0)

P.q=1

(105)

with explicitly calculated functions R”/(r). Similarly, if at
t = 0 all matrix elements not belonging to the set (104)
with a definite number n > 2 vanish, then at + > 0 only
matrix elements ,06(1’;) (t),a,b =1, 2, 3, 4, of this set are non-
vanishing. They have expressions of the form

4
Py 1) =Y S 1)pl) (0)

P.q=1

(106)

with explicitly calculated functions 17 ().

5.2. Two coupled spin-qubits interacting with two separate
environments

Consider a system of two identical interacting spin-qubits
localized near one another in a constant magnetic field, and
denote by o4, 03 and 7y, 73 the components of the spin
operators representing these spin-qubits. We assume that
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Hamiltonian of this system without the interaction of the
environment has the form
E
Hg = 5(03 + 1)+ J(opt- +0_T14). (107)

The Liouvillian superoperator L is expressed by the
Lindblad formula.  Suppose that the interaction of the
environment on a spin-qubit does not depend on the presence
of the other. Then, with the choice of 0, 0_, 03 and 74, T_, 73
to be generators of the corresponding SU(2) groups in the
Lindblad formula, the Liouvillian superoperator has the form

Lp= ) aifoipo; — j0;0ip — 3p0; 0i + TipT,"

i=+3

—itttip — 3ot ). (108)
The constants «_, o and o3 in equation (108) are the physical
parameters characterizing the damping, the thermal excitation
and the dephasing of each spin-qubit due to its interactions with
the environment.

The system of rate equations was solved exactly, and
analytical expressions of all 15 components pg) (1), (¢f) #
(00), were derived in [54]. To simplify the text we present
formulae in the special case, when the excitation and the
dephasing are neglected and there is only the damping which
plays the main role, by setting «— = y, oy = a3 = 0. In this

case components p(10)(1), p+3)(?), pEoy(¢) and p—)(?) have
the following expressions:

I . J +i ) J—iv .
poy(t) = e EleTr!/2 (Ll.ye—lh wd e"’)
J e J A
e E— e 0
* <2J+iy 27 —iy P+0)(0)
+ J+1y —iJt _ ‘]_iy ej],
2J +iy 2J —iy
J i J —iJt
iJr Y i 0
* <2]+iye 2 =iy 1P+ (0)
— J —iJt J eijt
2J +iy 2J —iy
J - J . 7
- —e/! —e V1) e | pris3)(0)
2J +iy 2J —iy ]
— J —iJt J ei],
2J +iy 2J —iy
I, T ]
— 1 _ 1 O ’
<2]+iy 2J_iye e _p<3+>()
(109)
I g — J i J .
) = —e! vt iJt iJt
pun) = 5o e {[(2J+iye Tyt
JHiy g I g\ |
1 s 1 O
* <2]+iy 2 =iy’ e _,0(+3)( )
+ J it J : e”’
2J +iy 2] —
J +iy e J— 17/ AN
+ - ! 1 e yt 0
<2J+1y 2J_1y _P<3+)( )
— J+iy —iJt J_iy iJt
2J +1iy 2J —iy

10

J +iy
2]+1y

[(”‘V

2J +iy

J +iy
,0(3())([) ES %eiyt{(l 4+ cos 2]1)/)(30)(0)

Topical Review
J —iy
2J — iy

em) eyt}o(w) 0)
J

- 1?/ eth
2J —1iy
i
y e_'h) i|,0(o+)(0)}

J -
(110)

th

—iJr _

iJl

2J +1iy 2J —

+ (1 — cos 2J1)p3) (0) + % sin2J1

X [p(0) — p (O]} — (1 —e

P— (1) = 2e77{(1 + cos 2J 1) p(—)(0)
+ (1 —cos2Jt)p—4)(0) + 2isin2J¢t
X [0y (0) — p©3)(0)]}.

Components p—_o)(¢) and p—3)(t) have expressions obtained
from equations (109) and (110) by a change of the

), (111)

(112)

sign of £ and J: EF — —-E,J — —J, and
the substitutions pu0)(0) —  p—0(0), po(©0) —
p0-0), p3(0)  —  p3(0), paH0) —  pa-(0).

Formulae of p1)(#), o3+ (1), po— (1), P (1), po3)(t) and
P(—+)(t) are obtained from expressions of p0)(f), p3)(t),
P=0)(1), p=3)(t), poy () and p—)(¢) by the interchanges
Px0)(0) < po1)(0), pa3(0) < pc+)(0), pEn0) <
£©03)(0) and p—)(0) <> p(—4)(0). For p4)(t), p(—-)(¢) and
p33)(t) we have following expressions:

P+ (1) = e HEe T py1(0), (113)
P (@) = e p_(0). (114)
Pa3) () = e pa3(0) —e (1 —e ")

x [p30)(0) + p3) ()] + (1 —e 7). (115)

Expressions of p0)(f) = So(t)/2 and pea)(t) =
T,(t)/2, 0 = =, 3, determine the reduced density matrices
p?(t) and p*(¢) of two spin-qubits in the presence of their
coupling and the interaction with the environment. Suppose
that at the initial time ¢ 0 the quantum states of two
spin-qubits are independent. Then these expressions for S, (t)
and T, (¢) demonstrate the mutual dependence of the reduced
density matrices of two spin-qubits: Si(#) depends not only
on Sy (0), but also on S3(0) and 7.+ (0); S3(¢) depends not only
on S3(0), but also on 75(0), S+(0) and T+ (0), and vice versa.
They exhibit the quantum information transfer from a spin-
qubit to the second one due to their coupling in the presence

of decoherence.

5.3. Two coupled spin-qubits interacting with a common
environment

In the case of the interaction of both spin-qubits with one
and the same environment besides the individual damping,
excitation and dephasing of each spin-qubit there also take
place the simultaneous collective damping, excitation and
dephasing of both spin-qubits. Instead of equation (108) for the
Liouvillian superoperator we now have the following formula
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+_ 1+ 1+ +
Lp = E ai{oipo;” — 50, 0ip — 300, 0;i + TipT;
i=+,3
1 _+ 1 + / + 1 _+
— 5T, Tp — 507 T} + E a;{oipt;" — 57 0ip
i=+,3

1+ + _ 1+ 1.+
— 50T 0i + Tipo; — 507, Tip — 5P0; Ti},

a; > o >0.

l

(116)

To simplify the text we consider only the dampings (individual
and collective) which play the main role, and set o—
V.o X x < y,ap =a = a3 = oy = 0. In this

case the rate equations have the following exact solution:
e~ (v+x1/2 X .
J A . ) —iJt
27 +iy [( Ty tr)e
—(y=x)1/2
X iJe X
Jiy i) (1 -if) e e ]
x[(+12 1y )e’" + 12e
1 . e~ (r+x1/2
X 0)+ —e "' ——
0O + 5 { 2J + iy
-X . iJt
- J+id —iy)e
2J —iy [< +12 v
+ (J - 1%) e*”’e*V’] } P04 (0)
1 .
__eﬂE,(J_ ){e
2

-
Py (1) = 5¢ Et{
X €
)]s
+ ( ) T2y
X [(] + i% + iy) e V4 (J - 1%) e“’e””]
e~ (v=x)1/2
27 +iy
e r—101/2
+ 2J —

elJte—yt

1Jte7yt

X —(y+x)1/2

—iJr
e
> [

el!tefyt]
[eiJl _ e—iJle—yl]}p(+3) (0)

s

2J +iy

X —(v+x)1/2

—iJt
2 le

_ le—iEt (J _ — e

2
e r=01/2
- ﬂ[ (117)

e~ (r+x1/2

2J +iy

eiJl _ e—iJle—yl]}p(3+)(O)’
(V-5

) iVt
2

e~ (r=x1/2

2J —iy

Jer s (1415 —iv)ener]|

e~ (r+x1/2

2J +1iy

1 i
p3) (1) = 5¢ Et{

<J+1§+1y) ‘e V’]+

[

1.
p+3(0) + —elEt{

X
2

X

X

x [( )e"” (J+1E +1y) e W]
e~ (v=x)1/2
— [(] ) Ut <J+1— —1y)
2
iJt —yt P
—iJt — 0) — —e i
e e

X

(J + ig + iy) [/ — el 7]
—(y—x)t/2 )
+621_ (J+i§—iy> [e/" — e /le yt]}

11

1 . —(y+x)1/2

—iEt € X :

X p+0)(0) — 7€ 2ty (J +iz +1)/)
. (=012

x [e7 —ellleY ] — EY (J + ig - i)’)

x [l —e e },0(0+) (0), (118)

p—0)(t) and p(_3)(t) have similar expressions with the change
of the signs of £ and J, E — —-E,J — —J,
and the substitutions p10)(0) —  p0)(0), po+)(0) —
P0-(0), p+3)(0) = p(=3)(0), p3+)(0) = pi3-)(0),

WY =X o0 Y EX o
,0(30)(f)=—|: e O+ e X
4ly +x Y =X

2
X
—4—="—

. e 4 2e V" cos 2]ti| P30y (0)

1

4

y—Xx e~ r=0r 4 y+x e~ rxt

yeo—X
[)’ + X Yy —X
XZ
y2—x?
é[ef(yfx)t — e vt _

e 2 _ eV g 2]ti| £(03)(0)

2ie " sin2Jt]p(+—)(0)

— e TN — TN 4 2ie V! 5in 27 1] p(—1(0)
- l[ X o~r=0r _ _ X~
2ly+x Y —X

14
y+Xx

e~ r—01

X2 ) 1
2—=——e V! 0)+ -
+ NER }0(33)( ) + 8[

2

+ ——0 S 21|,

Y =X y? = x?

Py (1) = He V701 4 &m0 4 2677 cos 27 1] p(4— (0)
+ Z[e_(y 0 4 e+ 2e7¥ oog 2Jt1p—+(0)

Y EX o
Yy —X

—(y+xt _

2 (119)

Yy — X

2l

y+Xx

e~ (r=x0r _

" 4%6—2}/! — 2ie " sin 2Jt:| £i0)(0)
yo—X
| R 2T
2Ly +x y=x

yzxfyxzeizyt + 2ie " sin 2Jt] £03(0)

_x
Y =X

tavel
©) - 2
P33 47+

Sty 42 Xy e—2yti|
Y — X y:— X2
PO (1), P+ 1), po—) (1), P (1), P3)(t) and p1(t) are
obtained from the expression of p0)(t), P+3)(f), P—0)(t),
p=3(), paoy() and p—)(), respectively, by the inter-
changes 03 (0) < pE(0), p30)(0) < 3 (0) and
P+ (0) < p-(0),
—2iEt

ef(yfx)t 4

—2yt
————e¢
-x2 }

4

4 e~ (r—01

(120)

(121)
(122)

P+ (0),
(77) (O) k)

P (1) =e"'e
- (t) — efyt 21Et



J. Phys.: Condens. Matter 21 (2009) 273201

Topical Review
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In the special case, when the collective damping is neglected
and therefore x = 0, formulae (117)—(123) are reduced to the
corresponding ones (109)—(115), respectively, for the system of
two coupled identical spin-qubits interacting with two separate
environments.

There is another interesting special case of two coupled
identical spin-qubits with both individual and collective
damping: that with x = y. It takes place, for example,
when the Hamiltonian of the interaction between the spin-qubit
and the common environment has the following symmetrical
expression

Hi =) [ff (0~ +1)a] + feloy + 1)),
§

4

1
i|)0(33)(0) - Z [m

e~ r—01

1

+ (123)

(124)

where a; and a; are the destruction and creation operators

of the bosonic excitations in the environment. In this case
the reduced density matrix of the two-spin-qubit system
has following asymptotic behavior in the limit + — oo:
PG0) (1), p3) (1), - (1), p(—+) (1), and pe33)(7) tend to limits
which can be finite or vanishing, o(4)() and p—_)(¢) tend
to zero, but P(£0) (1), L(0+) (1), p(ﬁ)(t) and p(3i)(t), are still
coherently oscillating without damping, namely

P0) (1) X —pox) (F) = —p3) (1) = pix) (1)

~ 1T ED 1 (0) — pros (0)

= P3)(0) + pi3x)(0)]. (125)
The appearance of the asymptotic coherent oscillations (125)
without damping signifies the existence of some asymptoti-
cally decoherence free subspace in the Hilbert space of the state
vectors of the two-spin-qubit system. To affirm this statement
it is convenient to write explicit analytical expressions for the
elements of the reduced density matrix p in the Dicke basis,
consider their asymptotic behavior at 1 — 400 and obtain

pgg(t) ~1— Paa (0)’ paa(t) ~ paa(o)a
pea(®) = € F7pe(0), pug(t) A e ET pgg (0),
Pss (1) R Pee(t) R s (1) A pse(t) ~ )Oeg(t) (126)
~ )Oge(t) R Psa(t) X pas(t) X pes (1)
N Pse(t) R pPealt) X Pac(t) = 0.
The possible existence of decoherence free subspaces in
Hilbert spaces of the state vectors of qubit systems has been
discussed by many authors [55-59]. Here we have explicitly

demonstrated the existence of an asymptotically decoherence
free subspace of quantum states of two spin-qubit systems.
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6. Conclusion

The results of a series of theoretical studies on quantum
dynamics of two-spin-qubit systems have been presented in
an unified style. The decoherence of the systems due to the
interaction of spin-qubits with the environment was considered
in the Markovian approximation. After presenting the general
method for deriving the rate equations, different concrete
models of two-spin-qubit systems were investigated. The rate
equations of axially symmetric systems of two coupled spin-
qubits, non-interacting or interacting with the environment,
are exactly solvable, and analytical expressions of their exact
solutions explicitly exhibit the physical mechanism of the QI
exchange between two spin-qubits—the mutual dependence of
QIs encoded into them. It was shown also how to apply the
reasonings presented in the study of exactly solvable models to
the investigation of two spin-qubits with more complicated rate
equations, which can be solved only by means of approximate
numerical methods. For an axially symmetric system of
two spin-qubits interacting with a common environment
its asymptotically decoherence free subspace was explicitly
constructed.

In principle, solutions of rate equations of two spin-qubits
can also be used for the study of qubit—qubit entanglement. In
view of the appearance of a recent review on entanglement [60]
we consider only one interesting physical phenomenon which
was not mentioned in that review: entanglement sudden death
and revival in the case of two uncoupled spin-qubits due to their
interaction with the environment.

In recent works [61-68] an interest has arisen in the
theoretical investigation of the quantum state transfer along
spin-qubit chains. The calculation methods and physical
reasonings presented in this topical review can be extended to
the study of quantum state transfer not only along spin-qubit
chains, but also in other many-spin-qubit systems.
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